Hilbert initiated the finitary standpoint in foundations of mathematics. From this standpoint we consider manifolds and introduce a "tame" manifold, whose term is derived from [9] . A tame manifold is such that any subset of a line obtained from it by elementary operations has only a finite number of connected components. In this article and a forthcoming one entitled o-minimal Hauptvermutung for polyhedra III we will show that a tame C 0 manifold is tamely homeomorphic to the interior of a compact PL (=piecewise linear) manifolds possibly with boundary and such a PL manifold possibly with boundary is unique up to PL homeomorphisms in the sense that if M1 and M2 are such PL manifolds possibly with boundary then M1 and M2 are PL homeomorphic.
Introduction
Let N denote non-negative integers. For a subset X of a Euclidean space R m , let S n (X), n ∈ N, denote the smallest families of subsets of R n such that X ⊂ S m (X), (i) S n (X) is a boolean algebra of subsets of R n , (ii) if Y ∈ S n (X), then R ×Y and Y × R are elements of S n+1 (X), (iii) every linear subspace of R n is an element of S n (X), (iv) the set {(x, y) ∈ R 2 : x < y} is an element of S 2 (X), and (v) if Y ∈ S n+1 (X), then the image of Y under the projection of R n+1 onto the first n coordinates is an element of S n (X). We call X tame if (vi) any element of S 1 (X) has only a finite number of connected components, and we call a map f : X → Y between subsets of Euclidean spaces tame if graph f is tame. A tame C 0 manifold is both a tame set and a C 0 manifold having an atlas {(U α , ψ α )} α∈A such that ψ α : U α → R n are tame. Examples of a tame set and a tame C 0 manifold are an algebraic set and a non-singular algebraic variety over R, and an example of a non-tame set is the graph of the function y = sin x.
In this article and o-minimal Hauptvermutung for polyhedra III we will prove the following.
Theorem 1.
A compact tame topological manifold M admits a unique PL manifold structure, i.e. M is tamely homeomorphic to a compact PL manifold M 1 and M 1 is unique up to PL homeomorphisms in the sense that if M 2 is another PL manifold tamely homeomorphic to M then M 1 and M 2 are PL homeomorphic. A non-compact tame topological manifold is tamely homeomorphic to the interior of a compact PL manifold with boundary M 1 , and M 1 is unique up to PL homeomorphisms.
We apply a theory of o-minimal structures-a notion of model theory-to prove this theorem. Model theorists Knight, Pillay and Steinhorn defined o-minimal structures [4] and [2] , and ominimal structures have been extensively studied ever since. Let R denote an ordered field. An open interval of R is a subset of R of the form {x ∈ R : a < x < b} for some a, b ∈ R ∪ {±∞}. Hence when R is the rational number field Q, we do not call the set {x ∈ Q : −2 1/2 < x < 2 1/2 } an interval of Q because the end points are not elements of Q. An o-minimal structure over R is a sequence {S n : n ∈ N} such that for each n ∈ N, (i) S n is a boolean algebra of subsets of R n , (ii) if X ∈ S n , then R × X and X × R are elements of S n+1 , (iii) every linear subspace of R n is an element of S n , (iv) the set {(x, y) ∈ R 2 : x < y} is an element of S 2 , (v) if X ∈ S n+1 , then the image of X under the projection of R n+1 onto the first n coordinates is an element of S n , and (vi) an element of S 1 is a finite union of points and open intervals.
The simplest example of an o-minimal structure is the families of semilinear sets in R n , n ∈ N, which are defined to be the finite unions of sets {x ∈ R n : f i (x) † i 0, i ∈ I}, where † i is either = or >, I is a finite set and f i are linear functions on R n with coefficients in R. An element of S n is called definable, and a map between definable sets is called definable if its graph is definable. We endow a topology on R and then R n as in the case of real numbers so that an open set in R is a union of open intervals, and we naturally define a C 0 manifold, a polyhedron and a PL manifold over R. However, we are interested only in definable ones. A definable C 0 or C 1 manifold is both a definable subset of some R n and a C 0 or C 1 manifold having an atlas {(U α , ψ α )} α∈A of definable class, i.e. U α and ψ α are definable. A definable polyhedron and a definable PL manifold are a polyhedron and a PL manifold included and definable in some R n . See fundamental properties of definable sets in [7] and [9] . In this series we study topology of definable sets and definable C 0 maps, and one of the main theorems is the following.
Theorem 2. A definable C 0 manifold is definably homeomorphic to the interior of a unique compact PL manifold possibly with boundary.
Here we call a definable set in R n compact if it is bounded and closed in R n , a polyhedron in R n a compact polyhedron if it is a finite union of simplexes in R n and a map between compact polyhedra PL if its graph is not only a polyhedron but also a compact polyhedron. We have seen in [8] the facts: there exists a polyhedron closed and bounded in R n which cannot be a finite union of simplexes; a compact definable set or a compact polyhedron is not compact in the usual sense unless R is the real number field R; a polyhedron in R n is a compact polyhedron if it is a compact definable set.
In [8] we showed that a compact definable set is definably homeomorphic to a unique compact polyhedron. In the present paper we prove Theorems 1 and 2 by using results in [8] and strengthening the axiom (iii) to (iii) ′ every algebraic set in R n (or R n ) is an element of S n (or S n (X)).
We postpone proving them under (iii) until the forthcoming paper. There we need some fundamental arguments on o-minimal structures which are partially explained in Chapter V of [7] . Note that when we admit (iii) ′ , the simplest example of an o-minimal structure is the families of semialgebraic sets in R n , n ∈ N. See Definition 10 in Sect. 2 for the definition of a semialgebraic set.
We state Theorem 2 over general R but not R. One reason is that we construct a theory of manifolds and maps after starting from axioms as few as possible and we do not want to apply special properties of real numbers as axiom. The second reason is that we prove Theorem 2 by a machinery whose input is a definable C 0 manifold, the operations are only the operations which appear in (i), (ii) and (v) , and the output is the couple of a PL manifold possibly with boundary and a definable homeomorphism between the C 0 manifold and the interior of the PL manifold possibly with boundary (see [8] for the details). We call such a proof constructive. We cannot constructively prove many properties of real numbers. An example is compactness of a closed bounded set in R n in the usual sense. To be precise, given an open covering of a closed bounded subset of R n , we have no constructive method to choose a finite subcovering. Another example is the Archimedean property of real numbers. Given positive real numbers x and y, there is no constructive method to find a natural number n such that x < ny. Our proof in the present paper is always constructive. The third reason is that if a statement is constructively proved over some ordered field with some o-minimal structure, then in many cases it holds over any ordered field with any o-minimal structure. This is the case for Theorem 2.
In a machinery we admit only finite repetition of operations. This causes some special phenomena of definable manifolds and definable homeomorphisms as in Theorem 2, which never occur for general manifolds and homeomorphisms. Let us consider four kinds of manifolds: first, a topological manifold which does not admit a PL manifold structure [1] ; secondly, two PL manifolds which are homeomorphic but not PL homeomorphic (a counterexample to the Hauptvermutung) [1] ; thirdly, a non-compact C 0 (or PL) manifold which cannot be (PL) homeomorphic to the interior of a compact C 0 (PL) manifold with boundary (a non-compactifiable manifold, e.g. R 2 − Z 2 ); fourthly, two compact C 0 (PL) manifolds with boundary which are not (PL) homeomorphic but whose interiors are (PL) homeomorphic (e.g. a disc and a compact contractible manifold which is not a disc [3] ). In o-minimal topology of definable manifolds and definable C 0 maps from Hilbert's standpoint there are no such wild phenomena. This is what we would argue in the series and, in particular, in this paper.
Tame sets are similar but different to definable sets in an o-minimal structure over R. A definable set in an o-minimal structure over R is clearly tame, hence a set in a Euclidean space is tame if and only if the set is definable in some o-minimal structure over R, and, moreover, a map f : X → Y between subsets of Euclidean spaces is tame if and only if X, Im f and f : X → Im f are definable in some o-minimal structure over R. However, for two tame sets X and Y in Euclidean spaces there does not necessarily exist an o-minimal structure over R where X and Y are both definable [5] . Hence it is not trivial that a tame C 0 manifold is a definable C 0 manifold in some o-minimal structure over R. We will prove this. Then Theorem 1 follows from Theorem 2.
Theorem 2 in the compact case is an easy consequence of Triangulation theorem of definable sets and Uniqueness theorem of definable triangulation. The first theorem is well-known, and the second was proved in [8] . We explain both the theorems in the next section. In the non-compact case Uniqueness theorem is false. We will choose triangulations of non-compact definable sets, which we call standard triangulations, so that uniqueness holds (Theorem 4). For the proof of Theorem 4 we use Triangulation theorem of definable C 0 functions, which also was proved in [8] and was the key lemma of the proof of Uniqueness theorem of definable triangulation.
2 Definitions and facts quoted from [8] In this section we make a list of definitions and facts which are given in [8] and used in this paper.
We can define most terminology of PL topology over R also, e.g. a simplex, a simplicial complex and a cell complex. We do not give definitions of those terms which do not cause confusion.
n is a bounded semilinear subset of R n of the form {x ∈ R n : f i (x) † i 0, i ∈ I}, where † i is now either = or ≥, I is a finite set and f i are linear functions. The interior and boundary of σ are denoted by Int σ and ∂σ, respectively.
is the family of the cones with vertex one point in Int σ and bases L ′ | ∂σ .
is a PL homeomorphism from X to X 1 carrying U and Y to U 1 and Y 1 , respectively, and
and |K 1 | denote a derived subdivision of K 1 , the star of x in K ′ 1 and the underlying polyhedron of K 1 , respectively. Definition 7. Let x * X denote the cone with vertex x and base X. (8) of [8] , Sect. 2. A PL map g : X → Y is extended to a PL map g * : x * X → y * Y so that g * (x) = y and g * is linear on the segment with ends x and any point of X, and g * is a PL homeomorphism if g is so (the Alexander trick). (9.1) of [8] , Sect. 2. Given a finite simplicial complex K, a full subcomplex L and two derived subdivisions
For a compact PL manifold with boundary X, a regular neighborhood of ∂X in X is a collar on ∂X in X.
(13) of [8] , Sect. 2. Let φ and ψ be non-negative PL functions on a compact polyhedron X such that φ −1 (0) = ψ −1 (0), and let K be a simplicial decomposition of X. Then there exists a PL isotopy τ t , 0 ≤ t ≤ 1, of X preserving K such that τ t = id on the zero set of φ and φ • τ 1 = ψ on some neighborhood of the zero set of φ in X. Definition 8. An open simplex (cell) is the interior of a simplex (cell), which is never used in PL topology.
Definition 9.
A semilinear map is a map between semilinear sets whose graph is semilinear. Definition 10. A semialgebraic set in R n is the finite union of sets {x ∈ R n : f i (x) † i 0, i ∈ I}, where † i is either = or >, I is a finite set and f i are polynomial functions on R n with coefficients in R.
Definition 11. A semialgebraic map between semialgebraic sets is naturally defined. Definition 12. Let X and Y be compact definable sets in R n . Two definable C 0 maps f, g :
and F (·, t) is a PL embedding for each t ∈ [0, 1]. We write F (·, t) as f t (·), 0 ≤ t ≤ 1, and call it a definable homotopy of f 0 to f 1 .
Note that a definable isotopy F : X × [0, 1] → X of the identity map does not mean a definable isotopy of X. In the former case, F (·, t) is not necessarily a homeomorphism of X; it is an embedding.
Definition 14. In order to distinguish them we call a definable C 0 map F : X × [0, 1] → Y a definable isotopy through homeomorphisms if for each t, the map F (·, t) is a definable homeomorphism from X to Y , and call definable C 0 maps f, g : X → Y definable isotopic through homeomorphisms if there exists a definable isotopy of f to g through homeomorphisms. Definition 15. We call a point s of R n with |s| = 1 a singular direction for a definable subset X of R n if the set X ∩ (a + Rs) has interior points in the line a + Rs for some point a in X, where a + Rs denotes the set {a + bs : b ∈ R}.
Definition 16. The Alexander trick is the following extension of a map. Let X and Y be compact definable sets in R n , let x and y points in R n such that there exist the cones with vertices x and y and bases X and Y , respectively, and let g : X → Y be a definable C 0 map. Then g is extended to a definable map g * : x * X → y * Y so that g * (x) = y and g * is linear on each segment with ends x and a point of X, and g * is a homeomorphism if g is a homeomorphism.
Fact 17. A definable set E in R n is a finite disjoint union of definable C 1 manifolds.
Definition 18. We call {E 1 , ..., E k } a definable C 1 stratification of E and simply write it as
Definition 19. For simplicity of notation and without loss of generality we assume a definable 
Triangulation theorem of definable sets. Given a finite simplicial complex K in R n and a finite number of compact definable sets {X i } i in |K|, there exists a definable homeomorphism τ of |K| preserving K such that the {τ −1 (X i )} i are polyhedra, and, moreover, there exists a definable isotopy τ t , 0 ≤ t ≤ 1, of |K| preserving K such that τ 1 = τ . Definition 25. We call τ :
Triangulation theorem of definable C 0 functions. (1) Let f be a definable continuous R-valued function defined on a compact polyhedron X in R n and let P be a cellular decomposition of X. Then there exists a definable homeomorphism π of X preserving P such that f • π is PL.
(2) Such a π is the finishing homeomorphism of some definable isotopy of X preserving P . (3) Moreover, π is unique in the following sense. Let π ′ be a definable homeomorphism of X preserving P such that f • π ′ is PL. Then there exists a definable isotopy
Uniqueness theorem of definable triangulation. If two families of compact polyhedra (X 1 ; X 1,1 , ..., X 1,k ) and (X 2 ; X 2,1 , ..., X 2,k ) are definably homeomorphic then they are PL homeomorphic.
Here the notation (X 1 ; X 1,1 , ..., X 1,k ) indicates that X 1,i are subsets of X 1 , we say that (X 1 ; X 1,1 , ..., X 1,k ) and (X 2 ; X 2,1 , ..., X 2,k ) are definably (or PL) homeomorphic if there is a definable (or PL) homeomorphism from X 1 to X 2 carrying each X 1,i to X 2,i , and we write (X 1 ; X 1,1 , ..., X 1,k ) as (X 1 ; X 1,i ).
Let us follow the proof of Triangulation theorem of definable C 0 functions (1) of [8] . Let p : R n × R → R and q 1 : R n × R → R n be the projections and let
−→ R be the projections ignoring the respective first factors. Set A = graph f and A t = {x ∈ R n : (x, t) ∈ A} for each t ∈ R. For simplicity of notation, we assume that A is a compact definable subset of R n × R of local dimension n or n + 1. There exists a definable
, respectively, and the
such that
where x ′ ∈ R n−k . Then we need the following two conditions.
Condition (**) Each of φ k,j and ψ k,j is extended to a definable C 0 function on
−→ R denote the projections ignoring the respective first factors, and let
Condition (***) Given σ ∈ P k and A k,j such that A k,j ⊂ Int σ × R and dim A k,j ≤ dim σ, the restrictions q k | A k,j and q k | A k,j are a C 1 embedding into R n+1−k and an injection, respectively.
Lemma 3.4 of [8] . Assume (**) is already satisfied for any small linear perturbation of p 1 , ..., p n−1 . Then we can choose such p 1 , ..., p n−1 and {A j } j so that (**) and (***) are satisfied for k = 2, ..., n.
The actual statement of Lemma 3.4 of [8] is a little different to this. We translate it so that we can apply it in the coming arguments. As the proof becomes easier by the assumption in the above lemma, we do not prove.
Proposition 3.6 of [8] . Triangulation theorem of definable C 0 functions (1) holds under (**) and (***).
We use not only this proposition but also its proof. In the proof we explicitly constructed a definable homeomorphism π such that f • π is PL. We need that method of construction.
Compact case
Proof of Theorem 2 for a compact definable C 0 manifold. Let M be a compact definable C 0 manifold. By Triangulation theorem of definable sets, M is definably homeomorphic to a compact polyhedron. Hence we can assume M is a compact polyhedron. Moreover, by Uniqueness theorem of definable triangulation, if M is definably homeomorphic to another compact polyhedron then they are PL homeomorphic. Therefore, it remains to prove that M is a PL manifold, i.e. the following statement.
By definition of a definable C 0 manifold there exists a compact definable neighborhood U of x in M such that (U, x) is definably homeomorphic to (σ 0 , 0). Apply Triangulation theorem of definable sets to U and a simplicial decomposition of M such that x is a vertex. Then there is a definable homeomorphism τ of M such that τ (x) = x and τ (U ) is a polyhedron. Since τ (U ) is a compact polyhedral neighborhood of x in M , replacing U with τ (U ) we assume from the beginning that U is a compact polyhedral neighborhood. Then by Uniqueness theorem of definable triangulation, (U, x) is PL homeomorphic to (σ 0 , 0).
Proof of Theorem 1 for a compact tame C 0 manifold. Let M be a compact tame C 0 manifold. Let {S n } denote the minimal o-minimal structure where M is definable. Then by Triangulation theorem of definable sets, M is {S n }-definably homeomorphic to a compact polyhedron X. Here M and X are definably homeomorphic in any o-minimal structure including {S n }. Thus, if M is tamely homeomorphic to some compact polyhedron X ′ then M is definably homeomorphic to X ′ in some o-minimal structure {S ′ n }, and M and X are {S ′ n }-definably homeomorphic since {S ′ n } ⊃ {S n }. Therefore, X and X ′ are PL homeomorphic by Uniqueness theorem of definable triangulation.
It remains to see that X is a PL manifold. By the above arguments it suffices to show that each point x of M has a neighborhood U such that (U, x) is tamely homeomorphic to (σ 0 , 0), where σ 0 is a simplex such that 0 ∈ Int σ. This is clear by definition of a tame C 0 manifold.
Non-compact case
Let M ⊂ R n be a non-compact definable C 0 manifold in Theorem 2. Here we can assume M is bounded in R n since R n is semialgebraically homeomorphic to {x ∈ R n : |x| < 1}. Apply Triangulation theorem of definable sets to (M , M − M ). Then M is definably homeomorphic to a definable polyhedron X such that X is a compact polyhedron. Moreover, we see that X is a PL manifold by Uniqueness theorem of definable triangulation, which we call informally a triangulation of M . Hence we need to find a triangulation X such that X is a compact PL manifold with boundary. For this let us consider unique triangulations of general non-compact definable sets. Indeed, uniqueness of triangulations of general compact definable sets was the key of the proof in the compact case, although all the arguments in this paper become simple if the sets are locally closed in their ambient spaces, i.e. the sets are open in their closures. The notion of semilinear is convenient for this. However, the category of all semilinear sets and semilinear C 0 maps is too large. There are three typical examples of semilinear sets X 1 and X 2 which are definably homeomorphic but not semilinearly homeomorphic. First, X 1 = R and X 2 = (0, 1), secondly, X 1 = ∂σ − {a} and X 2 = (0, 1), and, thirdly, X 1 = σ − {0} and X 2 = σ −σ/2, where σ is a 2-simplex such that 0 ∈ Int σ and a ∈ ∂σ. We want to treat a natural family of semilinear sets where two semilinear sets are semilinearly homeomorphic if they are definably homeomorphic. We avoid X 1 of the examples and consider only the following family which includes X 2 and any compact polyhedron. We call a semilinear set X in R n standard if X is bounded in R n and there is a collar on X − X in X, i.e. there exists a semilinear C Fig. 1 (a) ). We also call the image of φ a collar when we know φ in the context. (In PL topology a collar is defined on a closed subpolyhedron.) Note that φ((X − X) × (0, 1]) ⊂ X, the image of φ is not a triangle in Fig. 1 (a) and a non-compact PL manifold X in R n is a standard semilinear set if and only if X is a compact PL manifold with boundary. For a cell complex K, let K ′ always denote the barycentric subdivision of K in this paper ( Fig. 1 (b) ). The following remark shows how standard semilinear sets are unified.
is not necessarily standard (e.g. X is the union of an open 2-simplex and a point of its boundary), and X(2j) is standard. (iii) It is known that there are two compact PL manifolds with boundary which are not PL homeomorphic but whose interiors are PL homeomorphic [3] . However, two compact PL manifolds Proof of Remark 3. (i) Let g be a semilinear C 0 function on X and let φ :
For such an open simplex Int σ, g • φ| Int σ is extended to a linear function on σ. We need to show the uniqueness of these extensions. For this it suffices to see the following statement.
Let x 0 ∈ X −X and let l 1 and l 2 be distinct segments in
This is easy to see. Let σ i (i = 1, 2) denote the 2-simplexes with two 1-faces l i and {x
and we see as above that g • φ| σi −{(x0,0)} are extended to PL functions on σ i . Hence
(ii) Only the last statement is not obvious. By induction it suffices to show that X(2) is standard. Let φ be a collar as above. We will see that φ|
The last equality is equivalent to the following statement.
Note that the image of a compact polyhedron under a semilinear C 0 map is compact. Assume that
is a compact neighborhood of φ(x, t) in X for each t ∈ (0, 1) and hence φ(x, t) ∈ X(2). Conversely assume that φ(x, t) ∈ X − X(2) for some t ∈ (0, 1). Then there is a closed polyhedral neighborhood U of (x, t) in X(1)
. Thus the statement is proved. (iii) We prove the last statement. By (i), f and f −1 are extended to PL maps f : X → Y and f −1 : Y → X, respectively, and
We need to consider plural semilinear sets at once. We call a family of semilinear sets (X; X i ) standard if {X i } is finite, X is standard and we can choose the semilinear C 0 embedding
for each i and some semilinear subset X ′ i of X − X. We call φ or Im φ a collar on X − X in (X; X, X i ). Remark 3 (ii) is generalized so that (X(2j); X(2j) ∩ X i ) is standard for each j. Note that for non-compact, semilinear and bounded X and a simplicial decomposition K of X, (X; σ ∩ X : σ ∈ K) is not standard if X is of dimension > 1 locally at X − X. Now we state uniqueness triangulations of non-compact definable sets.
Theorem 4. (Unique standard triangulation theorem of definable sets) (i) A finite family of definable sets (X; X i ) is definably homeomorphic to a unique standard family of semilinear sets when X is not compact.
(ii) Moreover, a definable homeomorphism between standard families of semilinear sets is definably isotopic to a semilinear homeomorphism through homeomorphisms.
Theorem 2 and Theorem 1 in the non-compact case follow quickly from Theorem 4 as in the compact case.
Proof of Theorem 2 for a non-compact definable C 0 manifold. Let M be a non-compact definable C 0 manifold. By Theorem 4, M is definably homeomorphic to a standard semilinear set X. Then X is a PL manifold by the same reason as in the proof of Theorem 2 in the compact case, and X is a compact PL manifold with boundary as we already noted. It remains to see uniqueness of X. Let M be definably homeomorphic to the interior of another compact PL manifold with boundary M 1 . Then Int M 1 is standard. Hence by uniqueness in Theorem 4, X and M 1 are PL homeomorphic.
Proof of Theorem 1 for a non-compact tame C 0 manifold. We proceed as in the compact case. Let M be a non-compact tame C 0 manifold. Let {S n } denote the minimal o-minimal structure where M is definable. Then by Theorem 4, M is {S n }-definably homeomorphic to a standard semilinear set X, and M and X are definably homeomorphic in any o-minimal structure including {S n }. Thus, if M is tamely homeomorphic to some standard semilinear set X ′ then M is definably homeomorphic to X ′ in some o-minimal structure {S ′ n }, and M and X are {S ′ n }-definably homeomorphic. Therefore, X and X ′ are semilinearly homeomorphic by Theorem 4. It follows that X and X ′ are PL homeomorphic. Hence it remains only to see that X is a PL manifold with boundary, i.e. X is a PL manifold. However, we have already shown this in the proof of the compact case.
Lemmas
From now on we are engaged only in proving Theorem 4. We will use the following lemmas in its proof.
Lemma 5. Let K be a cell complex generated by one cell σ 0 , let σ 1 be a proper face of σ 0 , and let σ 2 , ..., σ k be some proper faces of σ 1 . Set δ = ∪ k j=1 Int σ j . Then a definable isotopy of ∂σ 0 − δ preserving {σ − δ : σ ∈ K| ∂σ0 } is extensible to a definable isotopy of σ 0 − δ.
Proof of Lemma 5. We proceed by induction on the dimension of δ. Let ∂α t , 0 ≤ t ≤ 1, denote the definable isotopy of ∂σ 0 − δ. Assume that 0 ∈ Int σ 0 . Then it is natural to define an extension α t by α t (sy) = s∂α t (y) for (y, s, t)
2 . However, such an α t is not defined on the interior of σ 0 . We need to modify the definition.
First we reduce the problem to the case where ∂α t = id on ∂σ 1 − δ (not ∂σ 0 − δ). There is a cellular subdivision K 1 of K such that K| ∂σ1 = K 1 | ∂σ1 and for each σ in K 1 not included in ∂σ 1 , (σ; σ ∩ σ j : j = 2, ..., k) satisfies the conditions on (σ 0 ; σ j : j = 1, ..., k) in Lemma 5. Indeed, choose one point in each open cell in K not included in ∂σ 1 , and define a cell complex K 1 such that K| ∂σ1 = K 1 | ∂σ1 and K 0 1 consists of the points and K 0 ∩ ∂σ 1 in the same way as we have defined a derived subdivision of a cell complex. Then K 1 satisfies the conditions on (σ 0 ; σ j : j = 1, ..., k). Let us consider ∂α t | ∂σ1−δ and K 1 . Then by using the induction hypothesis we can extend ∂α t | ∂σ1−δ to a definable isotopy
• ∂α t , which is a definable isotopy of ∂σ 0 − δ preserving {σ − δ : σ ∈ K| ∂σ0 } and whose restriction to ∂σ 1 − δ is the identity map. If ∂γ t is extended to a definable isotopy γ t of σ 0 − δ, then β t • γ t is a definable isotopy of σ 0 − δ and is an extension of ∂α t . Hence we can assume that ∂α t = id on ∂σ 1 − δ from the beginning.
Let
, α t is a well-defined definable isotopy of Im ξ − δ since ∂α t = id on ∂σ 1 − δ, and α t = id on ξ(∂σ 0 × {1}) − δ-the boundary of Im ξ − δ in σ 0 − δ. Hence we can extend α t to a definable isotopy of σ 0 − δ by setting α t = id outside of the image of ξ. Thus Lemma 5 is proved. 
Proof of Lemma 6. For each σ ∈ L we will construct a definable homeomorphism δ σ of σ such that
If γ| σ is injective, then δ σ is uniquely determined. In the other case, we define δ σ by a cross-section as follows. Let c σ : γ(σ) → σ be a PL cross-section of γ| σ such that c σ (x) ∈ Int(γ| σ ) −1 (x) for each x ∈ γ(σ) and c σ = c σ ′ on γ(σ ′ ) for each face σ ′ of σ with σ ′ = (γ| σ ) −1 (γ(σ ′ )), which we can construct by double induction on dim σ − dim γ(σ) and dim σ by the Alexander trick, (8) 
. By induction on the dimension of σ we assume that δ σ is already constructed on the boundary of σ. Let δ ∂σ denote the homeomorphism of the boundary of σ. We naturally extend the restriction of δ ∂σ to ∪ x∈γ(σ) ∂((γ| σ ) −1 (x)) (not δ ∂σ itself) to δ σ by
because of the method of construction of δ σ , hence δ σ is an extension of δ ∂σ and δ σ = id on σ ∩ γ −1 (D). Thus Lemma 6 is proved.
Lemma 7. (Local triangulations of definable C 0 maps) Let K be a finite simplicial complex in R n with underlying polyhedron X and let H = (H 1 , H 2 ) : X → R 2 be a definable C 0 map such that H 1 ≥ 0, H 2 ≥ 0 and the zero sets of H 1 and H 2 are the underlying polyhedra of some subcomplexes of K. Then there exist a definable isotopy ζ t , 0 ≤ t ≤ 1, of X preserving K and a definable neighborhood N of (0, ǫ] × {0} in (0, ǫ] × R for some positive ǫ ∈ R such that the
Note that a triangulation of H is impossible in general, e.g. the blowing-
Proof of Lemma 7. If Im H ∩ N is of dimension ≤ 1 for some N in Lemma 7 (i.e. Im H ∩ N is the empty set or (0, ǫ] × {0}), then Lemma 7 is obvious or follows from Triangulation theorem of definable C 0 functions (1). Hence we assume that Im H ∩ N is of dimension 2 for any N . Let us consider the former half of Lemma 7. We only construct a definable homeomorphism ζ of X preserving K such that the H • ζ| H −1 (N) is extensible to a PL map because the other condition that ζ is the finishing homeomorphism of some isotopy can be clearly satisfied by the usual arguments. We use the same argument as in the proof of Triangulation theorem of definable C 0 functions (1). Set A = graph H, and let 2 , then by Proposition 3.6 and its proof there exists a definable homeomorphism τ of X preserving K such that H • τ is PL. We will obtain such a sequence of definable C 1 stratifications by shrinking A to A ∩ (R n × N ). Let p : R n × R 2 → R 2 denote the projection and p n+1 : R 2 → R the projection to the first (not last) factor. Set B (u,v) = {x ∈ R n : (x, u, v) ∈ B} for (u, v) ∈ R 2 and any subset B of
Then T is definable and T (u,v) is a definable set of dimension smaller than n − 1 for each (u, v) . Note that there is the case where
there is a non-singular direction for A ′ (u,v) for any (u, v) ∈ N . We will find a closed definable subset of S n−1 of dimension smaller than n − 1 any definable neighborhood of which includes ∪ (u,v)∈N T (u,v) for some N . As the set we will choose ∩ u0>0 ∪ 0≤u≤u0 ∪ 0≤v≤h(u) T (u,v) for some small non-negative definable C 0 function h on R with zero set {0}. The set should includes T (0,0) . If (T ) (0,0) is of dimension smaller than n − 1, then it satisfies the requirement. However, it may be of dimension n − 1 since the parameter of T (u,v) is of two variables. (For example, the set C = {(x, u, v) ∈ [0, 1] 3 : xu = v} has the prop-
If C is of one parameter, C = ∪ u∈R C u × {u}, C 0 = ∅ and C = ∪ u =0 C u × {u}, then dim C 0 = dim C u and C u = ∅ for some u = 0 arbitrarily near 0.) Hence we choose another set smaller than (T ) (0,0) by reducing the problem to the case of one variable. Set
Then T ⊂ U , U is a definable subset of S n−1 × R 2 and U (u,v) is closed and of dimension smaller than n − 1 for each (u, v). However, U (0,0) does not necessarily satisfies the requirement. We need to enlarge U (0,0) this time. Next, we set
Let Q be any definable neighborhood of V (0,0) in S n−1 . We need to see that the set 
Repeat the same arguments for {p 1 
N we obtain a sequence of definable
σ ∈ K} and Condition (**) is satisfied. Moreover, this holds after any small perturbation of p 1 , ..., p n−1 . Here we can assume by Lemma 3.4 that Condition (***) is also satisfied. However, the remaining condition that {p n • · · · • p 1 (A ′′ j ′′ )} is the set of the open simplexes in some simplicial complex in R 2 cannot be satisfied because of
We solve this problem as follows.
Shrinking N we can assume that There is another problem when we apply Proposition 3.6. Namely, H −1 (N ) does not necessarily coincide with X. To take this into account, the proof of Proposition 3.6 says that there exist a compact subpolyhedron X 1 of X and a definable homeomorphism τ : X 1 → H −1 (N ) such that τ (σ ∩ X 1 ) ⊂ σ for each σ ∈ K, β • H • τ is PL and τ is extended to a definable homeomorphism τ of X preserving K. Shrink N to another N 1 so that H −1 (N 1 ) ⊂ X 1 , which is possible because τ preserves the inverse images of (0, 0) and R × {0} under H and hence X 1 is a neighborhood of
Let σ M be a small simplex in R 2 such that one of the vertices is the origin, another lies on R × {0} and σ M and β(σ M ) are included in a simplex in the barycentric subdivision M ′ . Then we can replace N 1 with β −1 (σ M ) − {0}, and by the Alexander trick we can extend β| σM to a definable homeomorphism β M of σ N preserving M . Hence the existence of ζ follows from Lemma 6. Moreover, the conditionsH 1 ≥ 0,H 2 ≥ 0,H −1
are obviously satisfied. Thus the former half of Lemma 7 is proved.
Let us consider the latter half of Lemma 7. Apply (13) of Sect. 2 to PL functions H 1 and H 1 . Then there is a PL isotopy ζ
Then the latter half follows, and we complete the proof of Lemma 7.
Proof of Theorem 4
Proof of existence of a standard family in (i) of Theorem 4. By Triangulation theorem of definable sets we can assume that X and X i are the unions of some open simplexes in some finite simplicial complex K in R n with |K| = X. Let v σ denote the barycenter of a simplex σ. For each σ ∈ K we enlarge the slit Int σ in X to its neighborhood in X by a semialgebraic (not semilinear) C 0 embedding τ σ : X − Int σ → X − Int σ as follows. We set τ σ = id outside of Int | st(v σ , K ′ )| − Int σ. In the case where σ is a vertex, we define τ σ inside so that the X − Im τ σ is σ * | lk(σ, K ′′ )| and τ σ linearly carries each (open) segment l joining σ and a point x of | lk(σ,
In the general case of σ we define τ σ on v σ * | lk(σ, K)| − {v σ } in the same way and naturally extend it to | st(σ, K)| − Int σ by
(Note that any element of | st(σ, K)| is of the form tx+(1−t)y, (x, y, t) Figure 2 :
( Fig. 2 describes the image of τ σ , where K is generated by two 2-simplexes with common 1-face σ.)
) is a family of semilinear sets and is semialgebraically homeomorphic to (X; X i ), and it is, moreover, standard for the following reason. Set V = Im τ − Im τ . We define a collar on V in Im τ by modifying τ . Let the above τ σ be rewritten as τ σ1/2 and define C 0 embeddings τ σt0 : X − Int σ → X − Int σ for t 0 ∈ (0, 1] by replacing ( * ) with
Let us define τ t0 to be
) is an open semilinear neighborhood of V in Im τ 1/2 , and π
. Thus π satisfies the conditions on a collar except that π is of semilinear class. We need to modify π to a semilinear embedding, say, ξ : V × [0, 1] → Im τ 1/2 . It is easy in the case V = V and becomes apparent. In the other case, there are two problems. One is that for any convergent directed family of points V ∋ x α → x ∈ {x ∈ σ : σ ∈ K ′′ , σ ⊂ V − V }, the π({x α } × [0, 1]) converges to the point {x} but ξ({x α } × [0, 1]) does not converge to a point as in Fig. 1 (a) . We solve this problem by shrinking V × [0, 1]-the domain of definition of ξ-to the following set Ξ so that the ξ(Ξ ∩ ({x α } × [0, 1])) converges to a point.
Note that V is the union of some open simplexes in K ′′ and
We will modify π to ξ keeping the last equality because the equality ξ We shrink V × [0, 1]-the domain of definition of π-to Ξ. The map of natural modification Ξ ∋ (x, t) → π(x, t/θ(x)) ∈ Im π is well-defined and extensible to a semialgebraic C 0 embedding Ξ → Im π. However, the map is not necessarily semilinear even if V = V (i.e. θ ≡ 1). This is the second problem. We modify the map as follows. More generally we can prove the following statement by the Alexander trick. Given a finite cell complex L and a definable C 0 embedding ρ : |L| → R n such that ρ(σ) is polyhedral for each σ ∈ L, there exists a PL embedding ρ ′ : |L| → R n such that ρ ′ (σ) = ρ(σ) for σ ∈ L and ρ ′ = ρ on σ if ρ| σ is PL. Hence there exists a semilinear homeomorphism ξ : Ξ → Im π such that Ξ(·, 0) = id on
It remains to enlarge Ξ to V × [0, 1]. Clearly there exists a semilinear homeomorphism
is the required collar on V in Im τ 1/2 , and the existence in (i) is proved.
Remark 8. The map τ −1 : Im τ → X in the above proof is extensible to a semialgebraic C
We prepare for proving (ii). Let (X; X i ) be a finite family of semilinear sets bounded in R n such that X is not compact, and K be as in the above proof. Set W = X − X and
are PL homeomorphic for the following reason. This is a small generalization of (9.4) of Sect. 2 (Theorem 3.24 of [6] ). As the proof in the present case is the same, we briefly repeat the proof in [6] . We can assume that L is a subdivision of K by replacing L with a simplicial subdivision of the
respectively, and by (9.2) there existK 1 ,L 1 ,K 2 andL 2 such that
Note that the homeomorphism is extensible to a PL homeomorphism of (X; X, X i ).
We call this property the property of invariance. Using this we will show the following remark, by which we can assume that any standard semilinear family is of the form (Im τ ; τ (X i )) when we prove (ii) of Theorem 4.
Remark 9. Let (X; X i ), K, W, U K and τ be the same as above. Assume that (X; X i ) is standard. Then (X; X i ) is semilinearly homeomorphic to (Im τ ; τ (X i )). 
and ρ = id outside of Z. We define ρ as follows. Note that U M is included in the set {(x, t) ∈ W × [0, 1] : t ≤ h(x)/2}. Let ρ be the PL homeomorphism from (W × {0}) ∪ graph h to ∂U M ∪ graph h of the form ρ(x, t) = (x, ρ 1 (x, t)) such that ρ = id on graph h, where ∂U M denotes the boundary of U M in W × [0, 1]. By the Alexander trick we can extend ρ to a PL homeomorphism ρ :
We replace U K with the following set according to the proof of (ii). Let us define a semialgebraic 
, X, X i ) for any t ∈ (0, 1) by the above arguments of the property of invariance because there exists a derived subdivision L of K ′ such that f
′′ , and hence we can replace U K with f
where K is generated by a 3-simplex, W is the union of one open 2-simplex, one open 1-simplex and one 0-simplex in K, and v j point out the vertices in K ′ only. There is another reason why we introduce f K . For two definably homeomorphic standard families of semilinear sets we will define two f K 's as above and prove that the families are semilinearly homeomorphic by comparing two f K 's. This idea is similar to the idea of applying Triangulation theorem of definable C 0 functions in the proof of Uniqueness theorem of definable triangulation.
The proof in the non-locally closed case is long but the idea is the same as in the locally closed one. We separate the proof and first prove the locally closed one to show the idea. Set X = graph η and X i = graph η| Yi , and let p Y : (X; X i ) → (Y ; Y i ) and p Z : (X; X i ) → (Z; Z i ) denote the projections. Then p Y and p Z are extensible to definable C 0 maps p Y : X → Y and p Z : X → Z, respectively. By Triangulation theorem of definable sets we can regard X as the underlying polyhedron of a finite simplicial complex K such that X and X i are the unions of some open simplexes in K. Let us define τ : (X; X i ) → (X; X i ) as in the above proof. Then the (Im τ ; τ (X i )) is a standard family of semilinear sets, and τ 
Proof of (ii) of
When Y is not locally closed, we proceed as follows. In this case too, we show that the equalityf Y =f Z • η can hold on a neighborhood of W Y in Y . However, the neighborhood is not of the formf 0, 1) . In the last step of the following proof we move the neighborhood to somef
We prepare for the proof of (ii) for non-locally closed semilinear sets. Let η : (Y ; 
is standard, and (vii) the property of invariance holds for K 1Y and any double derived subdivision of K Y . The K 1Z satisfies the same conditions, and {Int σ ∩ Z : σ ∈ K 1Z } is compatible with
, where the notation ( ) denote the closure of a set ( ).
(c) The K 1Y and K 1Z are subdivided into simplicial complexes K 2Y and K 2Z , the η| (W Y −WY ) : 
for some ǫ ∈ (0, 1), and there exists a definable neighborhood N of
extensible to a non-negative PL functionF 2 on Y with zero set W Y , where
(e) It holds thatF 2 = G 2 and hence
Under (a) we will find a definable isotopy α t , 0 ≤ t ≤ 1, of Y preserving {Y ∩ σ : σ ∈ K 1Y } by induction on the dimension of Y such that η • α 1 is semilinear. (We do not directly show that η is definably isotopic to a semilinear homeomorphism through homeomorphisms because the induction process becomes complicated for the direct construction.) We use the induction hypothesis to obtain (b).
Proof that (a) can be satisfied. Set
for such σ 1 and σ 2 , the correspondence There is a semialgebraic homeomorphism Proof that (b) can be satisfied. As we have mentioned, we use the induction hypothesis here.
Hence by the induction hypothesis there exists a definable isotopy 
(To be precise we construct, by induction on l ∈ N, a definable isotopy 
and a simplicial map φ Z : K 2Z → {0, 1, [0, 1]} in the same way for simplicity of notation. Then φ −1 
Proof that (d) can be satisfied. The first condition in (d) is satisfied as we have already mentioned. For the second it suffices to find a definable isotopy 
The third condition is satisfied by Lemma 7, and (d) can be satisfied.
Proof that (e) can be satisfied. We will find a PL homeomorphism δ of Y and a PL isotopy whose finishing homeomorphism is δ such thatF
We will choose ǫ ′ so close to 0 that such δ ǫ ′ is extensible to Y and the equality holds on
. Let K 3Y be a simplicial subdivision of K 2Y such that G| K3Y is a simplicial map onto some simplicial complex and the restriction ofF 2 to each simplex in K 3Y is linear (we cannot find K 3Y such that both ofF 2 | K3Y and G| K3Y are simplicial maps onto some simplicial complexes, and a counterexample is given before Lemma 2.1 of [8] ). Let ǫ ′ ∈ R be positive and so small that
′ ] = ∅, and let K 4Y be the canonical simplicial subdivision of the cell complex
, and comparẽ
} is a simplicial complex generated by the simplexes 0 * G(σ), σ ∈ K 4Y ǫ ′ .) Since both are PL and non-negative and have the same zero set there exists a PL homeomorphism δ ǫ ′ (and an isotopy) of φ 
is of form σ 1 * σ 2 for such σ 1 and σ 2 .) Then for such (y 1 , y 2 , r) with G(y 2 ) ∈ O,
Here the cone (0, 0) * O is a semilinear neighborhood of (0,
. Therefore, by shrinking N to ((0, 0) * O) ∩ N and keeping the same notation ǫ and N we can assume (e), i.e.
Proof that (f ) can be satisfied.
, and it suffices to find a definable isotopy
by the same reason as in the above proof. Here only for construction of π Y we can assume that g Y and g Z are PL by Triangulation theorem of definable C 0 functions (1) and (2) and by the same reason as above. Then the existence of π t follows from (13) of Sect. 2 because g Y and g Z satisfy the conditions in (13). Hence (f) can be satisfied.
Proof of (ii) in Theorem 4 for non-closed semilinear sets. As we have already shown, we can assume (a),...,(f). We will find a definable isotopy α t , 0 ≤ t ≤ 1, of Y preserving {Y ∩ σ : σ ∈ K 1Y } such that η • α 1 : (Y ; Y i ) → (Z; Z i ) is semilinear.
First we see that (Y ; Y, Y i ) and (Z; Z, Z i ) are definably homeomorphic. Set G Z = (φ Z , φ Z f 2Z ) (the definable C 0 extension of (φ Z , φ Z f 2Z ) to Z), and let L be the simplicial complex generated by the simplex {(u, v) ∈ [0, 1] 2 : v ≤ u}. Let us remember that G : K 2Y → L and G Z : K 2Z → L are simplicial. Let ψ 1 and ψ 2 be definable non-negative C 0 functions defined on [0, 1] with zero set {0} such that ψ 1 (u) < u and ψ 2 (u) < u for u ∈ (0, 1], and set Namely, y is an element of the right-side set. In the same way we see that the right-side set is included in the left-side. Set ω Y = δ Y 1 and ω Z = δ Z1 . Then we have a sequence of definable homeomorphisms
Moreover, the composite κ Next, we see that the restriction to Y of the composite is the finishing homeomorphism of some isotopy of η : Y → Z through homeomorphisms. For this we find isotopies whose finishing homeomorphisms are κ Y , ω Y , κ Z and ω Z , and construct the required isotopy α t of Y by the isotopies. Let us define ψ jt and Ψ jt to be tψ j and {(u, v) ∈ [0, 1] 2 : ψ jt (u) ≤ v ≤ u}, respectively, for each t ∈ [0, 1] and j = 1, 2, and repeat the above arguments for ψ jt and Ψ jt for t ∈ (0, 1]. Then by the above proof we have definable isotopies ω Y t , 0 ≤ t ≤ 1, of Y preserving K 2Y and ω Zt , 0 ≤ t ≤ 1, of Z preserving K 2Z such that ω Y t (G −1 (Ψ 1t )) = G −1 (Ψ 2t ) and ω Zt (G 
